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Abstract 

In this paper, we consider the Cauchy problem of Nonlinear Schrodinger equa- 
tion 



iu t + Au = X 1 \u\ Pl u + X 2 \u\ P2 u 1 teR, xe 
u(0, x) = <p(x), x G 



p/Y 



where N > 3, < pi < p 2 < 7^5 , Ai and A2 are real constants. Using the 
methods in [T] and analyzing the interaction between the nonlinearity Ai|u| Pi m 
and A2|u| P2 u, we not only partly solve the open problems of Terence Tao, Monica 
Visan and Xiaoyi Zhang's [TS] but also obtain other scattering properties of the 
solutions. 
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1 Introduction 



In this paper, we consider the following Cauchy problem 

( iu t + Au = \ 1 \u\P 1 u + \ 2 \u\P 2 u, teR, xeR N 

I u(0,x) = ip{x), x G R N , ^ " ' 

where N > 3, < p\ < p 2 < ^1 and A2 are real constants. We expect that 

the nonlinearities in (11. ip become negligible and u(t) behaves like a solution of linear 
Schrodinger equation as t — > +00 or t — > —00. The scattering theory formalizes this 
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kind of property. In convenience, we take the same basic notions of scattering theory 
as those in pQ below. 

Let I be an interval containing 0, Duhamel's formula implies that u is a solution 
of (jl.ip on / if and only if u satisfies 

u(t) = J(t)tp - i [ J{t- s)X 1 \u(s)\ Pl u{s)ds -i [ J(t - s)\ 2 \u{s)\ P2 u(s)ds (1.2) 
Jo Jo 

for all t € /, where J(t) = e ltA is the one parameter group generated by the free 
Schrodinger equation. Let X be a Banach space - X can be E, H 1 ^) or L 2 (R N ) m 
this paper. Here the pseudoconformal space 

S := {/ € H\R N ); \x\f G L 2 (R N )} with norm ||/|| s = \\f\\ H i + \\xf\\ L 2. (1.3) 

Assume that the solution n ¥ ,(t,x) is defined for all t > with initial value (p & X. We 
say that u+ is the scattering state of ip at +oo if the limit 

u + = lim J(-t)uJt) (1.4) 

t— >+oo 

exists in X. Similarly, we say that u_ is the scattering state of <p at — oo if the limit 

u_ = lim J(-t)uJt) (1.5) 

t— oo 

exists in X. 
Set 

7£+ = {(/?€ £ : T max = +oo and u + = lim J(—t)uw(t) exists}, (1-6) 

t— >+oo 

= {(/?€ £ : T m i n = +oo and u_ = lim J \—t)u v (t) exists}. (1-7) 

t— >— oo 

For </? G TZ±, we define the operators 

U ± (<p)= lim J(-t) U>p (t), (1.8) 

t— >±oo 

where the limit holds in S. Set 

w± = C4(^±). (1.9) 
If the mappings U± are injective, we can define the wave operators 

n ± = u^ 1 u± -> 7e±. (i.io) 

And we also introduce the sets 

o± = u±{n+ nil-). (l.ii) 
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Denote the scattering operator S by 



S = U+tl- : 0_ -> 0+. (1.12) 



Since J{—t)z = J(t)z, we have 



J{-t)u v {t) = J(t)u v (t) = J{t)u v {-t). 
Consequently, it is easy to see that 

(1.13) 
(1.14) 
(1.15) 

:ry ip eK-. (1.16) 

Now we will give a review of some results about the scattering theory of nonlinear 
Schrodinger equation. About the topic of scattering theory, there are many results on 
the Cauchy problem of Schrodinger equation 



Ti- 




■■ W G S : 




ll- 


= u; = 






O- 


= o^ = 






U-ip 


= U+<p, 




: for 



iitt + Au = X\u\ p u, t€R, x G ~R N 
u(0, x) = <p(x), x E 



N (1-17) 



Different scattering theories had been constructed in many papers(see [Tj l2j [3"1 HI 151 [TT| 
us mi)- a low energy scattering theory exists in £ if A > and p > • 

If A > 

and < p < jyq^, then every solution with initial value ip £ £ has a scattering state 
in L 2 (M Ar ). However, if A > and p < jh, then there are no nontrivial solution of 
(|1.17p has scattering states, even for L 2 (M. N ) topology. For the case of A < 0, there is 
no low energy scattering if p < ■ K ]v+2 < P < Af > then a l° w energy scattering 
theory exists in S. However, if A < and p > 4f, then some solutions will blow up in 
finite time, some solutions with small initial data in // 1 (M Ar ) are global and bounded 
in // 1 (M Ar ) (see [3| l6l Hl"t 118] and the references therein). 

Recently, in [15] . Tao et al. studied the scattering properties of (jl.ip with large 
initial data in the energy space iT 1 ^) and in S. Their results are the following 
theorems 

Theorem 1.3 in [15] (Energy Space Scattering) Assume that u is the unique 
solution to (COP with -4 < p\ < p2 < anc ^ initial value ip G i? 1 (]R Ar ). Suppose that 
there exists a unique global solution v to the defocusing L? -critical NLS 



4 . _ mJV 



I if t + = |f | ^u, t el, x€ 
{ v(0,x) =v (x) e H 1 ^), xeR N 

and satisfies that 

IMI 2(jv+2) < c(lkollii)- 



(1.18) 



3 



Then there exists unique u± € -ff 1 (M Ar ) such that 

\\u(t) - e ltA u±\\ H i ^ as t — > ±00 

in each of the following two cases: 

(1) Ai > 0, A 2 > 0; 

(2) Ai < 0, A2 > wrai/i i/ie small mass condition M < c(||Vy||2) for some suitably 
small quantity c(||Vy||2) > depending only on ||Vy||2- 

Theorem 1.8 in |15| (Pseudoconformal Space Scattering) Assume that \\ > 
0, A2 > 0, a(N) < p\ < P2 < jy32 with a(N) is the Strauss exponent a(N) := 
2-N+\/N^+i2N+4 ^ u ^ s ^ e un {q Ue global solution of M-l\) with pgS. Then there exists 
unique scattering states u± € E such that 

||e"** A u(t) - u±||e as t -> ±00. 



However, just like they summarized in Table 1 of [15], there are little results about 
the scattering theory of (jl.ip in the following cases: 
Case (i) A 2 < 0, Ai € R, < pi < p 2 < ^> 
Case (ii) A 2 > 0, Ai < 0, < pi < j?. 

Our aim is to give some results on the scattering theory of (jl.ip in the two cases 
above. To do this, we need some observations. First, noticing the nonlinearities in 
(jl.ip and that in (|1.17p are power types, it is natural to use the methods in [I] to deal 
with (jl.ip . On the other hand, if one of Ai and A2 is positive and another is negative, 
then one of the nonlinearities is defocusing and another is focusing, hence we need to 
analyze the interaction between the nonlinearity Ai|n| pi u and \2\u\ P2 u, which is the 
complications of this problem. Under some suitable assumptions, we obtain some new 
scattering properties of the solution of (jl.ip and partly solve the open problems of 
Terence Tao, Monica Visan and Xiaoyi Zhang's [15]. However, we cannot deal with the 
case P2 = jy^2 by the technical difficult. 

Our main results are the following four theorems. Theorem 1 and Theorem 2 with 
their proofs are similar to Theorem 7.5.7 and Theorem 7.5.9 in pp. 

Theorem 1. Assume that j^p^ < Pi < P2 < 7^2 ■ Then 

(i) The sets 1Z± and U± are open subsets of S with £ 1Z± and £ U±. 

(ii) The operators U± : 1Z± — > IA± and Q,± : IA± — > 1Z± are all bicontinuous 
bijections for the E topology. 

(Hi) The sets 0± are open subsets of S with G 0±, and the scattering operator 
S is a bicontinuous bijection O- —> O+ for the S topology. 

As an immediate consequence of Theorem 1, the following corollary gives the 
scattering property of the solution to (jl.ip in the case of (i). 

Corollary 1. Assume that \\ € K, A2 < and jA^ < Pi < Vi < jj- Then a low 
energy scattering theory exists in E. 
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We have further results about the wave operators Q± which can be read as 

Theorem 2. Assume that Ai G R, A2 < 0, < Pi < P2 < jj ■ Then U± = S. 
Hence the wave operators Q± are bicontinuous bijections £ — > 1Z± . 

Next we will consider the scattering property of the solution to (ll. lj) in the case 
of (ii) A 2 > 0, Ai < and < p\ < jj. 

Theorem 3. (No Scattering Results) Assume that u(t, x) is the nontrivial solution 
of mW with initial value (p £ S. Then J{—t)u{t) does not have any strong limit in 

L 2 {R N ) if (i)0<pi<p 2 <jf or (ii)0<pi<jf<p 2 <j^2 with N >$- 

Remark 1.1. We would like to compare Theorem 3 with Theorem 7.5.4 in pQ. 
In fact, Theorem 7.5.4 in pQ only gives some results on (|1.17p with A > 0. If we write 
(HHD as 

f iu t + Au = -v\u\ Pl u + (j,\u\ P2 u, teR, x£R N 

1 u(0,x) = <p{x), x G R N ^ ' ' 

with v = I Ai| and fi = A2 > 0. It is a natural way to consider the roles of the 
nonlinearities —v\u\ Pl u and fi\u\ P2 u. The results of Theorem 3 show that: If p\ < jfa, 
the role of — nu\u\ Pl u is prominent. Hence we can look the nonlinearity A2|it| P2 it as a 
disturbance. 

Theorem 4. (Scattering in L 2 (R N )) A ssume that u(t, x) is the nontrivial solution 
of (COP with A2 > 0, Ai < and initial value tp G S. Then there exist u± G L 2 {R N ) 
such that 

J{—t)u{t) — > u± in L 2 (R N ) as t ±00 (1.20) 

if 



(i) jf <Pi< jr <P2< 



N ^ l N — ^ z N-2 

or 

(ii) < pi < p 2 < ^ and 



4—Np2 

CgX 2 N(p 2 -pi) ( 4- Np 2 \ N ^-pi) < 1 



(p 2 + 2)(4-iVpi) JV (f2-pi) V l Al l £l / 



\\<p(x)\\%<- (1.21) 



with 



. f (N Pl -2) (p2 + l)(N Pl -2) + (N P 2-2) ^ 

£l < mm{ — 2 — ' (FT^ } - (L22) 

Here C g is the best constant in Gagliardo-Nirenberg's inequality 

I \f\^ +2 dx <C g (f \Vf\ 2 dx) ( [ \f\ 2 dx) " . (1.23) 
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Remark 1.2. We would like to compare Theorem 4 with Remark 7.5.5 (ii) in pQ. 
In fact, Remark 7.5.5 (ii) in [T| only gives some results on (|1.17j) with A < 0. Similar 
to Remark 1.1, we can write (jl.ll as (|1.19p . we also need to consider the interaction 
between n\u\ P2 u and —nu\u\ Pl u. Theorem 4 shows that: If jt < p\ < p 2 < jj^p}, 
the role of nonlinearity \2\u\ P2 u overwhelm that of Ai|it| Pl it. Hence we can look the 
nonlinearity Ai|u| Pl u as a disturbance. 

This paper is organized as follows: In Section 2, we will give some preliminaries. 
In Section 3, we give two lemmas and prove Theorem 1 and Theorem 2. In Section 4, 
we will prove Theorem 3 and Theorem 4. In the last of this paper, we will give some 
discussions on the scattering theory of (jl.ip . 



2 Preliminaries 

Similar to Section 7.5 of [1J, we will study (II. ip by using pseudoconformal trans- 
formation. We also use the conventional notations in [lj below. 
For (s,y) £lx R N , let 

t x s y 

s = - -, y = - -, or equivalents, t = — — , x = ——. (2.1) 

1 — 1 1 — t 1 + s 1 + s 

For the function u defined on (a, b) x 1^(0 < a < b < +00 are given ), set 

N t X ' N ' 

v(t,x) = (1 - t)~^u{- — -, - — -) e ~ lj ^ = (1 + s)^u(s,y)e~ lj < T +^ (2.2) 



for x G M. and < t < j^. Obviously, if u is defined on (0, +00), then v is defined 

[ a b 
l+a> 1+6 



on (0,1). And u G C([a,6],S) if and only if v G C(M^, jtb\, £). And it is easy to 



verify the following identities 

l|V<i)||£ 2 = \\\(y + 2i(l + s)V)u(s)\\ 2 L2 , (2.3) 

\\Vu(s)\\l 2 = \\\(x-2i(l-t)V)v(t)\\ 2 L2 , (2.4) 

Ht^+l = (1 + S )^|K S )||^ 2 , (2.5) 

\\v{t)\\%+ 2 +2 = { l + s )^¥\\u(s)\\^f +2 . (2.6) 

Consider the Cauchy problem 

Np-i — 4 Npn —4 

ivt + Av = X 1 (l-t)^^\v\P 1 v + X 2 (l-t)^^\v\ P2 v 

:= \ 1 h 1 (t)\v\ Pl v + X 2 h 2 {t)\v\P 2 v, t > 0, x G M. N (2.7) 
v{0,x) = ip(x), x G R N . 
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(|2.7p equals to the following integral equation 

v (t) = J(t)ip - i [ J(t-s)X 1 h 1 (s)\v(s)\ Pl v{s)ds 
Jo 

-if J{t-s)X 2 h 2 (s)\v(s)\^v(s)ds. (2.8) 
J 

Set 

Npi—4 Np2~ 4 



w) = ~uv,(t)i + Ai(1 p ;V ii^)ii^ + A2(1 P ;+V "^""^ 

4— iVpi 

E 2 (t) = {l-t)^E x {t) 



i 



4—Np± JV(p 2 -Pl) 



= - 2*(i - t)v)t,(t)||l + Al( '"V IK*)I15& + „" ^ 1K*)1I^- 

After some elementary computations, we get 

Np 1 -6 

d F m- Ai(4 - iVpi)(l - 1)^^ 1+2 

Jt m) 2(^+2) IK*)IU +2 

jVp 2 -6 

A 2 (4-JVp2)(l-t) 2 2 

+ 2( P2 + 2) n u wiu +2J ^- y j 

> 2 (t) = ^(i-^liv,(t)ll! 2 

^3(t) = 0. (2.11) 

Our results in this paper are based on the following observation, its proof is similar 
to that of Proposition 7.5.1 in [1J, we omit the details here. 

Proposition 2.1. Assume that u £ C([0, +oo),S) is the solution of U.l\) and 
v € C([0, 1), S) is the corresponding solution of fi2.7\ ) defined by \2.2\) . Then J{—s)u{s) 
has a strong limit in S (respectively, in L 2 (M. N )) as s — > +oo if and only if v(t) has a 
strong limit in X (respectively, in L 2 (K N )) as t — > 1, and in that case 

lim J(-s)u(s) = e iJ T~ J(-l)v(l) in E (respectively, in L 2 (R N )). (2.12) 

s— »-+oo 



Now we discuss the existence, uniqueness and the continuous dependence of the 
solution on the initial value of (12. 8p . 
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Denote 2* = ^ and let 

1_1 = l = iV(I-I), i = r 7, » = 1,2. (2.13) 

r 4 2*' % V 2 r/' 4- Pi (iV-2)' V ; 

Obviously, if q[ is the conjugate of qi G [1, +oo) given by -j- + A = 1, then 

111 , , 

7 = ^ + 7- (2 ' 14) 

?j Pi % 

The following lemma deals with the existence and uniqueness of the solution of 



Lemma 2.2. Assume that < p\ < p2 < jjzzo- Then for every if) G i? 1 (]R Ar ) J there 
exists a unique, maximal solution of equation \2. 8\) v G C((— T m i n , T max ), H l (M. N )) (~l 
((-T^,^),^- 1 ^)) n^ 1 f 2 ((-T min ,T max ),^- 1 (]R Ar )) with T max ,T min > 
0. i/ere v is the maximal solution of \2. 8\) TfiecLTis that if T maji _ < +oo (or T min < +oo), 
then 

lim \\v(t, -)\\hi = +oo (or lim \\v(t, -)||^i = +oo). 

t ¥ Tm ax t y jT m i n 

Moreover, v satisfies 

(i) 7/T max < +oo ; then 

lim inf {\\vm P HA h ^L<>,{t M + \Hm%\\h2it)\\L^t,T^)} > o. 

t f J max 

(wj If Train < +oo, then 
lim inf {||w(t)||&||M*)lliA(-w) + lb(*)llHill^(t)||^ 2( _ rm . n!t) } > 0. 

' min 

fm; « g L£ c ((-r millJ T inax ) J w 1 ' ri (R jV )) nLf o 2 c ((-r min ,r max ),^ 1 ^(M JV )). 

fwj There exists 5 > 0, depending only on N,p\,p2,6i and 62, satisfies that: If 

f \hi{s)\ e Hs + HVII^ 2 ^ M*)!^ < 5, 

i/ien [-r,r] C (-T min ,T max ) and ||v||l«ji((_ TiT ) > vk 1 -''i) + INL^-iyr),!^ 1 ^) < ^llV'llif 1 ; 
where K depends only on N,Pi,P2,Qi,Q2, 61 and 62- Furthermore, ifip' is another initial 
value satisfies the above condition and v' is the corresponding solution of i2.8\) . then 

\\ v ~ w'llr«>((-Tyr),£») < ~ ^'IIl2 . 

(v) If\x\it> G L 2 (R N ), then \x\v G C((-T mm , T max ), L 2 (R N )). 

Proof: The proof is similar to that of Proposition 4.11.1 in pQ. Roughly, if we 
replace h(t)\u\ a u by hi{t)\u\ Pl u + h2(t)\u\ P2 u, we can obtain the similar results. We 
omit the details here. □ 

The following lemma deals with the continuous dependence of the solution on the 
initial value. 

Lemma 2.3. Assume that v be the solution of \2. 8\) given by Lemma 2.2. Then 
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(i) The mappings ifi — > T max and ip — > T m - m are lower semicontinuous ff 1 (IR Ar ) — > 
(0,+oo]. 

(ii) Suppose that v n is the solution of \2. 8\) with initial value ip n satisfying ip n —> 
ip as n — > oo. Then v n —¥ v in C([— T\, T 2 ], H 1 (M. N ) for any interval [— T\,Tq\ C 
(— T m i n , T max ). Furthermore, \x\v n — > \x\v in C([— Ti, T2], L 2 (R ) if \x\ip n — > \x\ip in 
L 2 (R N ). 

Proof: The proof is similar to that of Proposition 4.11.2 in pTJ. Roughly, if we 
replace h(t)\u\ a u by hi(t)\u\ Pl u + /i2(t)|n| P2 u, we can obtain the similar results. We 
omit the details here. □ 



3 Pseudoconformal Space Scattering 

By the results of Lemma 2.2 and Lemma 2.3, we can obtain a proposition as follows 
Proposition 3.1. Assume that < Pi < P2 < jf^- Then for every to € E 
and 1/1 E X, there exist T m (to,(p) < to < T^j(to,tfj) and a unique maximal solution v G 
C((T m , Tm ), 0/ equation {2. 7| j. And i^e solution v satisfies the following properties: 

(i) If Tm = 1, then 

/ (JV+2) P1 -4 (iV+2)p 2 -4 \ 

liminf{( (1 - t) 4 « + (1 - t) 4 m j ||u(f)|| H i} > 0. 

(ii) v depends continuously on ip in the sense of the mapping ip — > Tm is lower 
semicontinuous S — > (0, +00] and the mapping ip — > T m is upper semicontinuous £ — )• 
[—oo,0). Let v n be the solution of {2. 7| ) wni/i initial value ip n . If ip n —> ip in £ as 
n — )• 00 and j/[Ti,T2] G (T m ,TM), then v n — > i> in C([Ti, T2], £). 

Proof: Set 

{ jV P1 -4 
Ai(l-t) > , if -oo<t<l (31) 
Ai, ifi>l, 

and 

/ 2 (i) = A 2 (l-t) > , if -oo<i<l (32) 
[ A 2 , if t > 1, 

Applying Lemma 2.2 and Lemma 2.3 with h\{t) = f\{t — to) and /i2(t) = f2{t — to), we 
can get the results of Proposition 3.1. □ 
We will use Proposition 2.1 and Proposition 3.1 to prove Theorem 1 and Theorem 

2. 

The proof of Theorem 1: The proof is similar to that of Theorem 7.5.7 in pQ, 
we omit the details here. □ 

The proof of Theorem 2: The proof is similar to that of Theorem 7.5.9 in pTJ, 
we omit the details here. □ 
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4 The Proofs of Theorem 3 and Theorem 4 



In this section, we are devoted to prove Theorem 3 and Theorem 4. 
The proof of Theorem 3: We only give the proof of it for the case of t — > +oo. 
The proof of the case of t — > — oo is similar. Assume that 

J(-t)u(t) -> u + in L 2 (R N ) as t -)■ +oo 

by contradiction. Consequently, 

ll n +llL2 = IK*) lUa = IMk 2 > o. (4.i) 

By the results of Proposition 2.1, we have 

v{t) -> w in L 2 (R N ) as t -»• 1, 

where 

w = J(l){e- ik ^u + ) + 0. 
Noticing that pi + l<p2 + l<2 under the assumptions of ours, we have 

\v{t)\ Pl v(t)^\w\ Pl w^Q mL^(R N ), 
\v{t)\ P2 v(t) ^\w\ P2 w^0 inL^T(R 7V ) 

as t — > 1. Let £ X^K^) be the function satisfying 

< i\w\ Pl w,6 >= 1. (4.2) 

Using (|2.7p . we have 

(7 -^Vpi —4 iVpo —4 

— < v(t),6 > =< iAv,9> +Ai(l -t) - a - < > +X 2 (l-t)^— < i\v\ P2 v,8 > 

at 

Np-i —4 Npo—4 

=< iv,A0 > +Ai(l -t) - 5— < ^p^tf > +A 2 (1 -t)—s— < i\v\ P2 v,8 > . 
Noticing that v is bounded in L 2 (R N ) and (fO]> . we can get 

(f I JVp, -4 JVpo-4 

|^ < > I > -lAxKl - t)-H - C(l - t)~t- - c 

1 JVp-,-4 

> -|Ai|(l-t)— i— (4.3) 

if i is closed to 1 enough. However, (|4.3p implies that | < v(t),6 > \ — > +oo as t 1 
because 4 — ~~ 1j which is absurd. □ 

Before the proof of Theorem 4, we will prove a lemma as follows. 

Lemma 4.1. Assume that v(t,x) is the solution of \2. 7| ) with X\ < 0, A2 > 0. 
Then 



L 2 



< C. (4.4) 
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Moreover, if jj < Pi < < P2 < 77^2 > ^ en 



\\Vv(t)\\ 2 L s<C(l-t)^, (l.r.) 

IP1+2 
Ilpi+ 2 



bWir p ^ 2 <C, (4.6) 



\v(t)\\^l 2 <C(l-t)^. (4.7) 



If jf < Pi < P2 < j? and $1.21]) is true with $1.2S\) . then 

(N Pl -4) 

\\Vv(t)\\v <C(l-t)^-i), (4.8) 



ei (JV P1 -4) 



vm^i^ai-t)^^, (4.9) 

iV(pi-P2) + ( iv P2~ 4 ) £ l 

^(t)ii^: + 2 2 < c(i - 1) . (4.10) 



Proof: Noticing that 

j t \\v(t)\\L*=0, 

we can obtain 

Multiplying the first equation of (|2.7p by 2^t, integrating it on [0, t] x and 
taking the real part of the resulting expression, we have 

Npi— 4 —4 

-/ |v,(t)| 2 dx + Ml^L^ / K t)r^x- A2(1 -^ / Kt)|-^x 

^ JrJv pi + 2 J r n p 2 + 2 J M jv 

2 jRiV Pi + 2 J R AT P2 + 2 Jrat 

2(pi + 2) 7 y R iv 

+ts srr# ft 1 -)***- 1 ( K.)i-«**. («D 

2(f>2 + 2) y y M iv 

If ||Vu(i)||| 2 < C for all < t < 1, then ([43]) - fl4~T0j) are true by Gagliardo- 
Nirenberg's inequality. 

Without loss of generality, we only need to prove (14.5p - (14.10p under the condition 

lim \\Vv(t)\\ 2 L2 = +00. (4.12) 

t— >i- 

That is, there exists a to £ (0, 1) such that 

\\\V<t)\\h > \ I W\ 2 dx + -^-f \^ d x + -^-[ \^ +2 dx (4.13) 
4 2 J r n pi + 2 J r n p 2 + 2 

for t < * < 1- We will prove (|4.5p - (|4.1Up in two cases. 
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Case (i) j| < p 1 < £ < p 2 < j^. 
Using the Sobolev's inequality 

lk(t)||^ 2 <C||Vr;(t)||i 2 +C||^)||i 2 , 

noticing that Np2 > 4 and (14. 4ft . from (14. lip , we have 

Npi~4 

Pi + 2 V k jv 

2(pi + 2) 7 4o y R iv 

+ C(4 ~ NP1 ^ [ (1-sy 1 [ \Vv{s)\ 2 dxds + 0(1-1)^^. (4.14) 

Letting 

7](t) = I — dfi, 



to 



(|4.14p implies that 



(i - t) v '(t) < 4 -^ v (t) + 0(1-1)^. 



Applying Gronwall's lemma, we obtain 

Wpi-4) (Np 2 ~4.) + (N Pl -4.) (JVpi-4) 

?/(*) < Ci(l - i)^ - ^ + C 2 (l - t) V < C(l - t)^ - ^. 



Therefore, we have 



IK*)||£& ^ C < llV^WIli, < C(l - i)^. (4-15) 

Case (ii) -| < p 1 < p 2 < j?. 

Noticing that A2 > 0, from (|4.11|) . we can get 

N Pl -4 

U iv,(t)i 2 dx+ |Ail(1 - t) "^ / \v(t)r +2 ** 

2 JRN pi + Z J R N 

- 2(pi+2) j 1 j iMiv 1 v ;i 

+ A 2 (l-t)— /■ K0r+ 2 dx + c 

+ 2 V M iV 

- 2(pi+2) y 1 ; y^ 1 v ;i 

JV Pl -4 

[Pi + 2) 7 K iv 

4—Np2 

+ A 2 iV(p 2 /4-|pA ^ I W()| , +2(fa + a (4 w) 

( P2 + 2 )(4-iVp 1 )^^n v |Al|£l y ^ 
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Using Gagliardo-Nirenberg's inequality, we have 

\v(t)\7< +2 dx<C g ( [ \Vv(t)\ 2 dx) [ I \v(t)\ 2 dx) . (4.17) 



Since |K*)IU 2 = IM^Hi* = llv^Hi 2 , if CCS]) is true, then KWh and (|4~T71) imply 
that 



ipi + 2) 



(t)\ Pl+2 dx 



Letting 



JVpj-4 

<c/ |V^)| 2 rfx+ (1 ~ £l) ' Al|(1 ~ t) ^ / \v(t)r +2 dx 

< |A f-y /'d-^- 1 / K»)r+^ s . (4.i8) 

2(pi + 2) y 4o 7 M iv 



(Pi + 2) 
from (I4.18D . we can obtain 



to 



(1 " i)x ' W - 2(l-^) X(f) ' (4 ' 19) 



Applying Gronwall's lemma, from (j4.19p . we have 



Consequently, 



(iVpi-4) 

x(t)<c(i-t) 2(1-1). 



e 1 (iVp 1 -4) 

|v(t)| Pl+2 (ix < C(l - i) 2 < 1 - £ i) . (4.20) 



From (|4l8l) and p~20]) . we obtain 

wv(t)\ 2 dx < i^k 4 -^) (\i _ a) ^-i / Ks)r +^ 

2(pi + 2) y to y R iv 

<C(l-t)5?W. (4.21) 

([4T2U]) and (|4T2T|) mean that |£gj) and (jlUj) are true if ^ < pi < p 2 < ^ under the 
conditions of the lemma. 
If A2 > 0, we have 

+ ^lf±{l - t)^\\^v{t)\\h < 0. (4-22) 
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P~22j) implies that 



4 — Npi 



E 2 (0) > E{t) = ± L \\Vv{t)\\l + -^-| K t)| |Lpi+2 



2 Ilv7..mil2 i ^1 lL.milPi+2 

Ilpi+ 2 

P2+2 

P2 + 2 ' ■•/-'LW+ 2 - 



+ Aa(1 . t) , o' ii'''/)ir;i.r... <i-**> 



If f < pi < ^ < p 2 < tv^2, then and gjSD mean that 

K*)llKi<c(i-*)^ 

And (fO]> - (|Q|) and (^231) mean that 

, „ N(p 1 -p 2 )+E 1 (Np 2 -4) 

\W)\\ P l P % < C(l " *) ^ 

if f <pi <p 2 < □ 
The proof of Theorem 4. By the results of Proposition 2.1, we only need to 
prove that there exits a w £ L 2 (W N ) satisfying 



v(t)->w inZ/(R JV ) ast^l 



By the embedding 



Pl+2 P2 + 2 

and equation (jl.ip . we can get 

Np-i —4 iVpo —4 

< ||A«|| ff - a + C(l - t)^— Hlwl^ullff-a + C(l - *) — 3 — |||v|^T7|| J = r -a 

< C\\v\\ L 2 + C(l - t)^\\v\\ p £l 2 + C(l - t)^IMI£S 2 . 
From (|4.4p - (|4.10p and the inequality above, we obtain 

Np _ 4 (j Vp2 -4) + (iVp 1 -4)(p 2 + l) 

lhlk-a < C + C(l - + C(l - t) ^+^1 (4.24) 

if jf < Pi < jj < P2 < jj^2 and 

(JV P1 -4)( Pl +2- £l ) \N(p l -p 2 )(p 2 + l) + (p 2 +2-e 1 )(Np 2 -i)} 

IKHfT-a < C + C(l - t) 2(i- eiKPl +2) + c(l _ t ) 2(i- ei ) (P2 +2) (4.25) 

if A < pi < P2 < jj- From (|4.24|) . we can see that 

if |r < pi < £ < p 2 < ]v^2- Choosing 

. f (iVpi-2) (p 2 + l)(iVpi-2) + (iVp 2 -2) 1 
1 2 (iV + 2)p 2 1 
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from (|4.25p . we can verify that 

if jj < pi < P2 < jf- Therefore, there exists w G H~ 2 (R N ) satisfying v(t) — > w in 
H~ 2 (R N ) ast->l. From (gl}, we know that w G L 2 (M N ) and 

v(t) — io in L 2 ^) as t -> 1. (4.26) 

For any tp G i/^R^) and < t < r < 1, we can get 

0(t) - v(t),tp) L 2 = J < v t ,ip > H -i,m ds 

= / (iVv,Vip) L 2(is + / (1 - s) 2 < i\i\v\ Pl v,tp > P1 +2 ds 
Jt ' Jt LpTTT ,Lpi+ 2 

+ / (1 - s) 2 < i\\\v \ P2 v, ip > p 2 +2 ds. 

Jt LP2+l,LP2+2 

Consequently, 

|Kt) - v(t),ij;) L 2 1 = C|| W|| i2 f || V^|| L2 d S + /"(I - s)^ 1 \\ v f] +l 2 ds 



+ CU\\ LP2+2 J\l - s)^ \\vf£l*da 



<C||V^|| L 2 / (1 ~ s) 4l - 1 -ci)ds + C\\lp\\ LPl +2 / (1-S) 2(l- £1 )( P1 +2) ds 

/•T [jV( P1 _p 2 )(p 2 + i) + (p 2+ 2- ei )(JVp 2 -4)] 

+ C||^|| L P2+2 y (1-8) 2(l- £l )(p 2 + 2} ds. 

Letting r — > 1 and using (j4.26|) . we have 

/"I iVpi-4 /"I (JVp 1 -4)(p 1 +2- £l ) 

|(w - w(t),^)ia| < C||V^|| L 2 / (1- s) 4 ( 1 -^ds + C\^\\ LPl +2 (1-s) 2(i- £1 )(p 1+2) ds 

f 1 [iV(Pl-P2)(P2 + 1 ) + (P 2 +2-£l)(JVP2-4)] 

+ C||^|| L p 2+2 y (1-S) 2(l-e 1 )(p 2 +2) ds 

Especially, if -ip = v(t), we can get 

C l JVpi-4 f 1 (JVp 1 -4)(p 1 +2-e 1 ) 

— w(t),w(t))£,a| < C7||Vw(t)||ia / (1 - s) ds + C||u(i) || L p 1+2 / (1-s) s»(i-«D(w+a) ds 

Jt Jt 

fl [iV(pi-P2)(P2 + 1 ) + (P2+2- El )(iVp2-4)] 

+ C||t;(t)|| L P2+2 / (1-S) 2(l- £1 )(p2 + 2) ds _ 



Noticing (|OjH|4T7|) . we obtain 



|(«j-i;(t),v(t)) ia | 

(JVpj-gj-gei 

C(l-i) 2 < 1 - £ i) 

< C(l - tf < C. (4.27) 



(JVp 1 -2)-2e 1 (JVp 1 -2)-2e 1 (jVp 1 -2)-2 E 

< C(l - t) + C(l - t) 2 ( 1 - £ i) + C(l - t) 2 d- £ i) 
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Here 

(JV P1 - 2) - 2ei 



> 0. 



2(1 -ei) 

Now using (I4.26|) and (I4,27p . we have 

11^(0 ~ Hli 2 = —(w - v(t),v(t)) L 2 + (w - v(t),w) L 2 -} 
as t -> 1. □ 



5 Discussions 

The proofs of Theorem 1 and Theorem 2 are still true for the case of Ai > 0, A2 > 
and j^py < Pi < P2 < 7v^2 - ^ n ^ ac ^' we nave 

Theorem 5. Assume that Ai > ; A2 > and jA^ < Pi < P2 < jf^- Then a 
low energy scattering theory exists in S. 

Since there is little result for the case of Ai > 0, A2 > 0, < Pi < a(N) in [T5] . 
Theorem 5 extends the ranges of p\ and P2 to jA^ < Pi < P2 < 77^2 • 

By (|4.22p and (|4.23p . the conclusions of Lemma 4.1 are also true in the case of 
Ai > 0, A2 > and < Pi < P2 < 7^2 • Similar to the proof of Theorem 4, we have 

Theorem 6. Assume that X\ > 0, A2 > and j* < p\ < P2 < 7^2- Then a low 
energy scattering theory exists in L 2 (Nl N ). 

Since there is also little result for the case of Ai > 0, A2 > 0, ^ < p\ < 
in [15], Theorem 6 establishes the scattering theory of (jl.ip with Ai > 0, A2 > 0, 
jj < p\ < j^p2 an d Pi < Pi < JT^2- Since the nonlinearities in Theorem 5 and 
Theorem 6 are all defocusing, hence their roles are positive to each other. 

We suspect that there exist initial data uq(x) of arbitrary small S-norm such that 
the solution u of (jl.ip doesn't possess a scattering state in S(or even in L 2 (M 2 )) if 
pi < Ai 6 K and A2 < 0. However, we cannot obtain such Uq(x) in this paper. 

The difficulty is the failure of the equation in (jl.ip to be scale invariant. We also suspect 
that the nontrivial solution of (|1.1|) doesn't possess any scattering state in L 2 (R N ) if 
< pi < jj < P2 < tv^2 when = 3, 4, 5. 

The methods in this paper and those of [15] can be used to deal with the following 
Cauchy problem 



iut + Au = YlT=i *M Pi u, x£R N , te 
u(0, x) = (p(x), x G 



where N > 3, < p\ < P2 < ... < p m < 7^2 ' * = l 5 2,...,m are real constants. 
In many cases, whether the solution of (|5.ip possess a scattering state or not are 
essentially depended on the nonlinearities Ai|tt| pi « and X m \u\ Pm u, because Xi\u\ Pi u, i = 
2, (m — 1) can be controlled by Ai|u| pi u and \ m \u\ Pm u if one use Young's inequality. 
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